Abstract: In this paper, we investigate cosmological models of the extended Chaplygin gas in a universe governed by Horava-Lifshitz gravity. The equation of state for an extended Chaplygin gas is a (n + 2)-variable equation determined by A n , α, and B. In this work, we are interested to the case of second order (n = 2) equation of state which recovers quadratic barotropic equation of state. In that case there are four free parameters. Under some assumptions we relate free parameters to each other to have only one free independent parameter (A 2 ). It help us to obtain explicit expression for energy density in terms of scale factor. The allowed values of the second order extended Chaplygin gas parameter is determined using the recent astrophysical and cosmological observational data.
Introduction
Recent cosmological observations verify the accelerated expansion of universe, and show the deceleration to the accelerated phase transition in the recent past [1] [2] [3] . Such accelerated expansion may described by dark energy models. The simplest candidate of dark energy which is consistent with current observations is the cosmological constant. Due to the lack of a good explanation of the small value of the cosmological constant, many dynamical dark energy models were explored, such as a canonical scalar field (quintessence) model [4] [5] [6] [7] [8] [9] , a phantom model which has the equation of state parameter ω < −1 [10] [11] [12] [13] [14] [15] [16] , or the combination of quintessence and phantom in a unified model, which named quintom [17] [18] [19] . Moreover, many theoretical studies performed on dark energy within some quantum gravitational principles, such as the so-called holographic dark energy proposal [20] [21] [22] [23] . The dynamical nature of dark energy introduces a new cosmological problem, namely why are the densities of vacuum energy and dark matter nearly equal today although they scale independently during the expansion history. To solve the problem, one would require that the matter density and dark energy density always approach their current values independent of the initial conditions. The elaboration of this coincidence problem lead to the consideration of interaction between components. Thus, various forms of interacting dark energy models [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] have been constructed in order to fulfil the observational requirements. There are also other interesting models to describe the dark energy such as Chaplygin gas [34, 35] , which emerged initially in cosmology from string theory point of view [36, 37] .that are based on Chaplygin gas (CG) equation of state and developed to the generalized Chaplygin gas (GCG) [38] . It is also possible to study possibility of viscosity in GCG [39] [40] [41] [42] [43] . Then, GCG was extended to the modified Chaplygin gas (MCG) [44] . Recently, viscous MCG is also suggested and studied [45, 46] . A further extension of CG model is called modified cosmic Chaplygin gas (MCCG) which was proposed recently [47, 48] . The MCG equation of state (EoS) has two parts, the first term gives an ordinary fluid obeying a linear barotropic EoS, and the second term relates pressure to some power of the the inverse of energy density. So, one essentially dealing with a two fluid model. However, it is possible to consider barotropic fluid with quadratic EoS or even with higher orders EoS [49] [50] [51] . Therefore, it is interesting to extend MCG EoS which recovers at least barotropic fluid with quadratic EoS, and is called extended Chaplygin gas (ECG) [52] [53] [54] [55] . On the other hand, Horava-Lifshitz (HL) gravity appears to be an attractive model to achieve a complete quantum gravitational theory [56] . It has some application in the black hole properties [57] [58] [59] [60] [61] [62] , the thermodynamic properties [63] [64] [65] [66] [67] , the dark energy phenomenology [68] [69] [70] , etc. Additionally, application of HL gravity as a cosmological framework gives rise to HL cosmology [71, 72] . In that case, HL cosmology with GCG has been studied by the Ref. [73] . Also, MCG in HL gravity and observational constraints has been studied by the Refs. [74, 75] with possibility to extension by consideration of Variable G and Λ [76] . Now, we would to investigate ECG in HL gravity. The equation of state for a ECG is a n + 2-variable equation determined by A n , α and B. We assume second order EoS which recovers quadratic barotropic EoS and use the special assumptions to reduce number of free parameters to one. Therefore, we have only an independent parameter. The allowed values of this parameter of the EOS are determined using the recent astrophysical and cosmological observational data such as H(z) analysis. On the other hand, the temperature behavior and the thermodynamic stability of the generalized Chaplygin gas has been studied by the Ref. [77] , and it is found that the generalized Chaplygin gas cools down through the expansion without facing any critical point or phase transition. Also, thermodynamics of the generalized Chaplygin gas has been investigated by introducing the integrability condition, and thermodynamics quantities has been derived as functions of either volume or temperature [78] . Validity of the generalized second law of gravitational thermodynamics in a non-flat Friedmann-Robertson-Walker (FRW) universe and an expanding Gdel-type universe containing the generalized Chaplygin gas confirmed by the Refs. [79] and [80] respectively. In the extension of the Ref. [77] , the similar work performed for the case of the modified Chaplygin gas [81] and the same result obtained. More discussion on thermodynamical behavior of the modified Chaplygin gas found in the Ref. [82] . Also, Ref. [83] developed the Ref. [78] to the case of the modified Chaplygin gas. Validity of the generalized second law of thermodynamics in the presence of the modified Chaplygin gas investigated by the Ref. [84] and observed that the generalized second law of thermodynamics always satisfied for the modified Chaplygin gas model. The generalized second law of thermodynamics in the brane-world scenario including the modified Chaplygin gas verified on the apparent horizon in late time by the Ref. [85] . Already, the thermodynamics in HL cosmology has been investigated and validity of of the generalized second law of thermodynamics verified [67] . So, there is no thermodynamical study of the ECG in HL cosmology. This is also another subject of this paper. The paper is organized as follows. In the next section we give brief review of HL cosmology, then in section 3 we introduce the ECG. In section 4 we use observational data to constrain the free parameters of the model. In section 5 we investigate some cosmological parameters and in section 6 we study thermodynamics aspect of the model and finally in section 7 we give conclusion.
2 Horava-Lifshitz cosmology HL gravity described by the following metric [73] ,
where N and N i are the lapse and shift functions which are used in general relativity in order to split the space-time dimensions. Using the projectable version of HL gravity [86] with the detailed balanced principle [87] one can write the gravity action of HL theory as follow,
where,
where κ, λ, µ, ω and Λ (is a positive constant, which as usual is related to the cosmological constant in the IR limit) are constant parameters, R ij and R are Ricci tensor and Ricci scalar respectively. Also, the Cotton tensor is defined as follow,
also the extrinsic curvature is defined as,
It is usual to use FRW metric with N = 1 and N i = 0 to obtain the following Friedmann equations, 6) and,Ḣ + 3 2
where H =ȧ/a and a are Hubble parameter and scale factor respectively, k is curvature constant corresponding to open (k < 0), flat (k = 0), and closed (k > 0) universe. Also, p and ρ are corresponding to total pressure and energy density which contain radiation, dark matter and dark energy. Using the usual notifications,
, (2.8)
and,
the conservation equations are,ρ r + 3H(p r + ρ r ) = 0, (2.11) 12) and,ρ
where p r and ρ r are pressure and energy density of radiation matter, ρ b is energy density of baryonic matter which is pressureless, and p c and ρ c are pressure and energy density of the extended Chaplygin gas which is unification of the dark matter and dark energy and discuss in the next section. Tow first equations given by (2.11) and (2.12) yield to the following solutions,
14)
where we used the fact that p r = 1/3ρ r and p b = 0. Also ρ r0 and ρ b0 are current values of the energy densities.
Extended Chaplygin gas
The extended Chaplygin gas EoS given by [52, 53] ,
where A n , B, α and n are constants, so we have generally n + 2 free parameters. Note that in the case n = 1 the above expressions recovers the standard MCG. In this paper, we are interested to the case of second order EoS (n = 2) which recovers quadratic barotropic EoS. In that case the EoS given by (3.1) reduced to the following expression,
Assuming A 2 = 0 gives MCG [74] , while A 2 = A 1 = 0 gives GCG [73] where A 1 , B, and α are positive constants with 0 < α ≤ 1. Therefore, we have four free parameters in our model. In order to simplifying calculations and reducing free parameters of the model, and also obtaining an analytical expression of the energy density in terms of the scale factor, we assume the following conditions, α = 1,
Therefore, only free parameter of the model is A 2 , and we can solve the conservation equation (2.14) to obtain the following relation,
with x = c 1 e 3π a 30A 2 , where c 1 is constant of integration and c 2 comes from the fact that the equation (3.2) is dimensionless. The density is physically defined only for x > 1 (the density is negative for x < 1). In this model, the universe starts at x = 1 with an infinite density, then the density decreases and finally reaches an asymptotic value for x → +∞. In order to write solution (3.4), we used tan −1 (ρ c + 1) ≈ π/2 approximation, which is valid when ρ c ≫ 1 corresponding to the early universe. However, our solution will be valid at all time and our approximate solution is very close to the late time behavior with ρ c ≪ 1. This is due to the fact that tan −1 (ρ c + 1) ≈ π/4, for ρ c ≪ 1. The equation (3.2) is implicitly normalized by the cosmological density ρ L , i.e. by the asymptotic value of ρ c for a → +∞. Indeed, we can see that for ρ c = 1 we get p c = A 1 + A 2 − B = −1 which corresponds to the equation of state p = −ρ expected for a → +∞. According to this normalization, we must take c 2 = 1. Then, we have to determine c 1 . The present density and the cosmological density are related to each other by ρ 0 = 1.31ρ L . This means that with the previous normalization we should take ρ c = 1.31 when a = 1. This gives c 1 e (3π) = 65, so we can write x = 65a (30A 2 ) . Similarly to the detailed balance case, in the IR with λ = 1, G cosmo = G grav ≡ G. So, using (2.8), (2.9) and (2.10) one can rewrite Friedmann equations (2.6) and (2.7) as follows, 5) and,Ḣ + 3 2
is total energy density including radiation, baryonic matter, and extended Chaplygin gas respectively. Therefore,
is the total pressure with the fact that ω b = p b /ρ b = 0, ω r = p r /ρ r = 1/3 and ω c = p c /ρ c . Finally it is useful to define the following relations,
with i = b, r, c.
Observational constraints
In this section, we use H(z) data to fix some model parameters. In order to use observational data it is useful to rewrite equations in terms of redshift. In that case, using the following relation,
together with (2.14) and (3.4) in the equation (3.5) we can obtain Hubble expansion parameter in terms of redshift as follow,
with the current value of the Hubble expansion parameter H 0 . An important free parameter is A 2 which should fixed using observational data. Moreover, present day (z = 0) radiation, baryon, ECG, cosmological constant, and curvature energy densities are denoted by Ω r0 , Ω b0 , Ω c0 , Ω 0 , Ω k0 respectively which satisfy the following equation,
It is obvious that the value of A 2 is not important at present stage and, as expected, it is important at the early universe. The last term in the equation (4.5) corresponds to the dark radiation, which is a characteristic feature of the HL theory of gravity and restricted as follow [88] ,
where ∆N ν represents the effective neutrino species with the following bound [88] ,
However, we restrict ourself to the case of 0 ≤ ∆N ν ≤ 2 [74] . Using the equation (4.6) in the relation (4.5) it is easy to find [74] ,
Then, equation (4.6) gives,
So, in numerical analysis we choose H 0 = 71.4 Km/s/M pc, Ω b0 = 0.04, Ω r0 = 8.14 × 10 −5 , and Ω c0 = 0.951 because it is combination of the dark matter and dark energy. These yield to 0.0080 ≤ Ω 0 ≤ 0.0089 and 0 ≤ Ω k0 ≤ 0.00084. In the Fig. 1 we represent our numerical result together experimental data [89] which suggests 0.1 ≤ A 2 < 0.15 for all 0 ≤ ∆N ν ≤ 2. 
Cosmological parameters
Using the obtained results for model parameters we investigate behavior of some important cosmological parameters. The first quantity is the effective EoS parameter given by,
with the p and ρ given by the equations (3.7) and (3.8). In the Fig. 2 we can see behavior of the EoS parameter for open, close and flat universe. In the case of flat universe we see ω ef f → −1 while in the cases of closed or open universes, the present value of the effective EoS parameter is about -0.7 which admits accelerating universe in agreement with observational data. We can also investigate stability of the model using sound speed which is given by,
So, the model is stable if C 2 s ≥ 0. In the Fig. 3 we can see that the model is completely stable for the open and closed universe while there are some instabilities in flat universe for 0 ≤ A 2 ≤ 0.2. 
Thermodynamics
It is important to investigate thermodynamic properties of the model which may be lead to study of the generalized second law of thermodynamic. In order to study thermodynamics of the model we consider the universe as a thermodynamical system with the apparent horizon surface being its boundary. The apparent horizon given by [67] ,
Then, the temperature and the entropy given by the following expressions respectively,
We should mentioned that the first term corresponds to the general relativity, while the second term is arising from HL gravity. Using the equation (3.5) we can obtain,
In that case the first law of thermodynamics [67] given by,
where V = 4 3 pr 3 A is the volume of the system bounded by the apparent horizon, so dV denotes volume-change and dE = ρdV is energy. We can rewrite the equation (6.6) as follow,
where S 2 is the entropy given by the first law of thermodynamics (6.6). So, using p = ωρ and differentiating the Friedmann equation (3.5) we can obtain,
Using the relation (6.2) gives,
These are in agreement with the equation (6.3) which can verified easily. Differentiating (6.3) we have, It is easy to check that dStot dt > 0, at least for flat and closed universe, in agreement with [67] .
Conclusion
In this paper, we considered the extended Chaplygin gas in Horava-Lifshitz gravity. First of all we reviewed the HL cosmology and then solved conservation equation for the special case of the ECG. We obtained energy density in terms of scale factor which allow us to investigate Hubble expansion parameter in terms of redshift. We considered some assumptions which reduced free parameters of the ECG to one. We used H(z) data to constraint this parameter in HL cosmology. H(z) observations suggest 0.13 ≤ A 2 ≤ 0.25, which means that 0.26 ≤ B ≤ 0.5 and −0.87 ≤ A 1 ≤ −0.75. Using the obtained model parameters we studied evolution of EoS parameter and found that, for the cases of k < 0 and k > 0, the present value of the effective EoS parameter is about -0.7 while it yields to 1/3 at high redshift. On the other hand, for the flat universe (k = 0) we found ω ef f → −1. Stability of the model also investigated using squared sound speed and found that the model is completely stable for the open and closed universe while there are some instabilities in flat universe for the case of 0.1 ≤ A 2 ≤ 0.2. It seems A 2 = 0.15 is the best fitted value. Then, we investigated thermodynamic properties of the model. We found that the generalized second law of thermodynamics is valid for a flat or closed universe.
